Test 3 2405 Name

L.

Graph Theory

1. (13 pts) True/False. &

a) (Truepr False: There exists a graph on 4 vertices and 6 edges.

b) Trueo @ There exists a graph on 4 vertices and § edges. / mek 44'3% e
c) True o There exists a graph on 5 vertices with i MS‘* hawe o
degree sequence 3_,__3_:_2_§, 2,2. ~7 Qk);“mm oF sold 51:16/1&45
d)r False: There exists a graph on 6 vertices with Lttt
degree sequence 1, 1, 1, 1,1, 1. ;I,: Z
e)@ or False: If two graphs are isomorphic, then the two graphs have the
same degree sequence.
f) True of False:) If two graphs have the same degree sequence, then the two &3
graphs are isomorphic. See P’E&’\M
g)r False: A cycle on n vertices has n edges (assuming # is at [east 3).
h)or False A path on n vertices has n -/ edges. Gxﬂ? ot o—obO
i) Trueo A complete graph on # vertices has n(n -1) edges. see | MJ'CL
1) Trueo lm The maximum degree of the complement of a cycle on 8 |
vertices is 6. &ﬁ‘{me $ 5 i 0%9 a\,..@,(e,u.%'

k@or False: The maximum degree of the complement of a path on 8
; < 9

vertices is 6. a9
1) True ok Falsej The cycle graph on 3 vertices is also a bipartite graph.* = OP"
m) True o W or any graph G the number of edges is the sum of the L
degrees. m 1[1[5 T < GLQ‘CJ W
ﬁ 6@%1, = Q¢ Rundeen of ec’(j-e;?
vells)



2. (8 pts) Draw the graph defined by on vertex set {0, 1,2,3,4,5,6,7,8,9, 10,
11, 12, 13,14, 15} such that two vertices v and v are adjacent if and only if u =

v (mod 4).
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3. (6 pts) Prove or disprove that following two graphs are isomorphic.
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‘ J__\ J‘;‘%‘? 4. (6 pts) Prove or disprove that following two graphs are isomorphic.
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Integers and Division

5. (8 pts)
i, FindGeD(2*.5%.7° .17, 2% .5 .72 .17% 19)

(2% 5575 /7]

i, Bind LeM(2*-5%.7% .17, 2% .5 .77 .17 19)
[2%5%.7% 172 19

111 If the product of two integers a-b= 2>3%57. 77 and the GCD of @ and b is
22:3 527, then what is the LCM of @ and 5.

Stwee Q- L\) = ﬁ(aﬂ(q lo) [ cun La, é))
lcwm = = 373%5773 333557
g(‘d(ﬁ,b} 2% 5.5 .7

6. (6 pts) Demonstrate the Euclidean Algorithm for finding the GCD of 2024 and
1024. (Note that the GCD is not enough, you must demonstrate the Euclidean

algorithm).
J034= [-10a4 1+ /000
Joay = [+1000 + 24
roso = #1034 + 1 907(
Q4= ]-/e -F
[p= 2% 0O 2
| b(,jl

7. (10 pts) True/False.
a@r False : The integers have the closure property with respect to

subtraction, — gVH
b or False : The sum of two consecutive integers is odd. A4 L= (Q
c. Trueo ¢¥: The product of two consecutive integers is odd. n(n+ O not od
d or False: 8 is a divisor of 64

e. True 64 1s a factor of 8

f. or False: For a and b nonzero integers, (af lb A D] c)--> al
g True @ For a nonzero integer a, a|{(b+c)—a|c 5!0{4’ ) X4 kg)(ﬁ

or False: /2 mod 4 =0 1334 hes W‘u%&MO

i. (ﬁﬁr False: -4=12 mod 4 Cw‘[’l'l)
i Ifa bmodmandc_dmodnf then a+b=c+d mod m
Oz Hmedd 5=l wmalf

Im’é 044 F 5+ wmod ¢




8. (9 points) Store the following student 1D numbers in memory locations 0-9
using a hashing function f{s) = s mod 10 (assume they are processed in the
order given here). Explain how you managed collisions.

658779, 658772, 657102, 648559, 657991, 657122, 658881, 648557, 657100

Memory  [D numbers

location

0 44559

1 051941

2 058 774

3 11557 [04

4 57122

5 (568 J &
6 57 160 W w
’;’ 4557 | 1}&

9 LK1 6%&& yf/

9. (8 pts) Let a, b and ¢ be integers such that ¢ is nonzero. Complete the proof of
it clgandc|b,thenc!(xa+ yb) for any integers x and y.

Proof. Let a, b and ¢ be mtegers sucht at ¢ is nonzero. Assume that ¢ | a and
¢| 5. Then by M el , @ = ck for some integer k and b =
¢j for some ?teier j. Letx and y be an integers Then by

b

xa + yb = x(ck) + y(cj) )
= ¢(xk + yj) by _# ﬂ(‘h’w‘é(/

Since x, &, y and / are integers and the mtegers have closure with respect to

multiplication and addition, 7 K,{, 14 is an integer. Thus, by definition
of divisibil 1ty, el (xa + yb). Hence, =3
if c|aand c|b,then ¢! (xa + yb) for any integers x and y. £]




Mathematical Induction
10. (10 pts) Use the principal of math induction to prove the following.

VneN, i(4i+1) = (n+1)(2n+1)
i=0

7@_9’&5 Since %Q@ = doot)= (| = (o4D(2041),
sun busis ;g;; i gotahli <t .

W .Z;(M( = (k+1) (k4 1) forsome kEN

2%7'4%5°¢4b4;; ,
B Zie) v 160+
@Ufaw)w(my %Mg e
= K+ Tk+C Lo
= (aH3)(K+2) % i
=~ @thw)(;e (K40 0
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Counting

11. (6 pts) For 4 = {1, 2, 3, 4, 5, 6, 7 }, determine the following:
i. The number of all subsets of 4.

(77 7
1L The number of functions from A4 to A?
Vi 7

iil. The number of one-to-one functions from 4 to 47

Q/



12. (3 pts) Determine the number of bit strings of length /0 that contain at most /

zero bit, ;
(a) 10 (b) 2"° () 271 @ (e) none of these
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13. (6 pts) Find the number of positive integers less than or equal to 2000
a. that are divisible by 7.

85
Z'&;l}/ A\ L"O

W

| /
b. that are divisible by 5 but not 7. E S

ancj_[ Z

A~ o EFL© I"Cf’

14. (3 points) Among a group of 165 students, 80 are taking Cal I and 95 are
' taking CS I. How many are taking both of these courses?

%{ A be Studots cu CAEL =of
@ (¢ ol /< CSI

Cluashion [Kns|="7
Since (hogl= [HIF1E]-105]
| k8] = =[H/+ (6] ~(# 98l
0+ 95 — fes
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